
STOP 



Early Journal Content on JSTOR, Free to Anyone in the World 

This article is one of nearly 500,000 scholarly works digitized and made freely available to everyone in 
the world by JSTOR. 

Known as the Early Journal Content, this set of works include research articles, news, letters, and other 
writings published in more than 200 of the oldest leading academic journals. The works date from the 
mid-seventeenth to the early twentieth centuries. 

We encourage people to read and share the Early Journal Content openly and to tell others that this 
resource exists. People may post this content online or redistribute in any way for non-commercial 
purposes. 

Read more about Early Journal Content at http://about.jstor.org/participate-jstor/individuals/early- 
journal-content . 



JSTOR is a digital library of academic journals, books, and primary source objects. JSTOR helps people 
discover, use, and build upon a wide range of content through a powerful research and teaching 
platform, and preserves this content for future generations. JSTOR is part of ITHAKA, a not-for-profit 
organization that also includes Ithaka S+R and Portico. For more information about JSTOR, please 
contact support@jstor.org. 



On Darboux Lines on Surfaces. 

By James G. Hardy. 



1. The problem which forms the subject of this note was first proposed and 
discussed by M. Darboux in an article entitled "Descourbes tracees sur une 
surface, et dont la sphere osculatrice est tangente en chaque point a la surface," 
which appeared in the Comptes Rendus for 1871, and in which he deduced the 
differential equation of these curves, which is of the second order, and integrated 
it in the cases of the quadric surfaces and cyclides. Later in the same year 
Bnneper published in the Gottinger Nachrichten a paper in which the geometric 
signification of the various terms in the differential equation of these lines was 
pointed out, and in which he deduced their characteristic property that at any 
point of the curve the radius of its osculating sphere is equal to the radius of 
curvature of the normal section of the surface having the same tangent. He also 
showed that if one of these lines be a line of curvature of the surface on which 
it lies, the surface is the envelope of a sphere of variable radius whose centime 
describes an arbitrary skew curve. In 1875 an article by M. Ribacour appeared 
in the Comptes Rendus, in which the author showed that if we trace on a surface 
S a curve of the kind considered, then each of the osculating planes of this curve 
cuts S along a section superosculated by a circle. The last paper to appear on 
this subject is due to M. Cosserat, and is found in the Comptes Rendus for 1895. 
In it he applies to the investigation of these lines methods analogous to those 
used in the investigation of geodesies, employing the theory of integrals of 
determinate form treated for geodesies in Livre VII of the "Lecons" of M. 
Darboux. I have called these lines Darboux lines because first defined and 
treated by M. Darboux ; M. Cosserat named them Z>-lines, evidently for the same 
reasons. 

2. Suppose that at any point P of a Darboux line D on a surface we con- 
struct a trihedron T having its vertex at P and the normal to the surface as its 
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axis of z ; let o be the angle which the tangent to D makes with the axis of x 
of T , and let p and R be the radius of the osculating sphere and the radius of 
curvature of D at P respectively. Since by definition the osculating sphere of 
D is tangent to the surface, its center will be at the intersection of the normal to 
the surface and the polar line at P. Then, by considering the right triangle 
whose vertices are the point P, the center of curvature K, and the center of the 
osculating sphere, M (x y z ) , and applying Meusnier's theorem, we have: the 
radius of curvature R n of the normal section of the surface having the same 
tangent as D, is equal to the radius of the osculating sphere of D at the point 
considered. Enneper, Gr6tt. Nach., 1871. 

Denote by Tthe radius of torsion of D, by<pthe angle between the principal 
normal to D and the normal to the surface at P, and use the formulae given by 
Darboux (Theorie g6nerale, II, 359) for the coordinates x , p , s of the center 
of the osculating sphere of any line traced on a surface. We have 



from which 



z = R cosQ — T^sin<p = 0, 

tan$> = -rJL ^ and T=— ! an<?> 
R as a 



If in the last equation we make R = const., we will have T== oo unless <£> = 0. 
Hence tchen the radius of curvature of a Darboux line is constant, the line is either 
plane, or geodesic. 

Conversely, when $ = we must have R = const., since T=fcQ; that is, 
wJien a Darboux line is geodesic its radius of curvature is constant. 

If we use the formula 

geodesic torsion = -=- = [—. ^-\ sin a cos co = -^ ^ , 

lg *-M 1 -"■»-' ■*■ ds 

we find for the geodesic torsion of D 

1 1 d i n 

-T g =-t^>ds- l ° 8B - 

Then for q> =£ 0, -^- can only be zero when R n is constant. But when — = 

the line D is a line of curvature ; hence if a line of curvature be a Darboux line, 
the principal radius of curvature corresponding will be constant. Now in this 
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case one sheaf of the evolute of the surface reduces to a line and, as Monge 
proved, the surface may be determined as the envelope of a sphere of variable 
radius whose center describes an arbitrary skew curve. (Enneper, Gott. Nach. 
1. c.) This same result can be obtained in a different way, as will be seen later. 
If both systems of lines of curvature be Darboux lines the surface will be a 
cyclide of Dupin ; for M. Bonnet has demonstrated (Journal de l'Ecole Poly- 
technique, XLII) that if a surface be such that along each line of curvature the 
principal radius corresponding to that line be constant, the surface is a cyclide 
of Dupin. 

In a note published in the Bulletin des Sciences Mathematiques, 21, 1898, 
M. Demartres gives some formulae concerning skew curves which have interest- 
ing forms when applied to Darboux lines. The distance between the centers of 
the osculating spheres at the extremities of an arc SS' of such a line is 

and the angle 4 1 under which these spheres cut is 

, ds d\ogR n 

*~ ~T d log 22 ' 

Along a line of curvature we have ^ = 0, but (unless the Darboux line be plane) 
this requires that R n be constant, or that 6 = 0, in case R 4= constant. That is, 
if a line of curvature be a Darboux line it is a spherical line or a line of constant 
curvature. 

Using the definitions of absolute and relative spherical torsion given by M. 
Demartres, we may define Darboux lines as those lines whose absolute spherical 
torsion is equal to their relative spherical torsion. 

The formula just used for geodesic torsion leads to a neat form in the case 
of Darboux lines on an ellipsoid referred to its lines of curvature. Employing 

(du \ 2 
-y— J , we get 



__ = c . (u — v)y i — *)\v x) ^ c = a constant 

This puts into evidence the property of lines of curvature made use of. 

The line joining the points P and M generates a ruled surface 2. The locus 
of the centers of the osculating spheres of D is the edge of regression of the polar 
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surface, and its osculating plane, which is the normal plane of D, remains tan- 
gent to 2. Therefore the locus of the centers of the osculating spheres of D is 
an asymptotic line on 2. Then along any Darboux line the normals to the sur- 
face generate a ruled surface on which we know an asymptotic line. 

3. The general differential equation of Darboux lines, as given by M. Dar- 
boux, is 

„ 7 „ 2l,drx . d -~— + 2efce . d 2 -~— 
/.|\ Sds ox ox 

~3s v , ~7dF ' 

Zdx.d -~ — 
ox 

where F= is the equation of the surface on which the lines lie, and the sign 
2 indicates summation with regard to the three coordinates x, y, z. This equa- 
tion in the case of surfaces of the 2nd degree takes the form 

(2) x . ds 2 = 2 | dx . d -= — |, x = a constant. 

or, introducing elliptic coordinates, 

/„x (u — x) du 2 (v — x) dp* 

{ } (a 2 — u) {b 2 — v){(? — u) ~ {a 2 — v)(b 2 — v){c* — v) ' 

If we denote by R n the radius of curvature of a normal section of an 

ellipsoid, and if the lines of curvature are taken as coordinate lines, JR n will be 

given by 

U\ E> - E7 ?+ a 5 - du 

W n ~ D-k 2 + D" • A '~'do" 

Let the plane of the normal section considered be passed through the tangent to 
a Darboux line ; calculate % 2 from (3), and remember that (Darboux, Theorie 
Generate, II, 379) 

^ Vabc(u — v) 2 _ ,.„ Vabc(u — v) 2 

f(u)V-f(u)f(v)' -f( v )V-/(u)/{vy 

then 



(5) E n = -x^3, 

where i?! and B 2 are the principal radii of curvature at the point considered. 
We have here a result stated by Enneper : The radius of curvature of the 
normal section of an ellipsoid having the same tangent as a Darboux line is 
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proportional to the 4th root of the product of the principal radii of curvature at 

the point considered. 

From this result follows another still more interesting. If we calculate 

the distance from the origin to the tangent plane at any point of an ellipsoid, 

we find 

1 __ sVRtRz 



(6) 



& s/abc 



Taking account of (5) and (6), and remembering that for Darboux lines the 
radius of curvature of the normal section through the tangent is equal to the 
radius of the osculating sphere, we have 

that is, the radius p of the osculating sphere is inversely proportional to the dis- 
tance from the center of the ellipsoid to the tangent plane. A better way of 
stating this same fact is : the product of the radius of the osculating sphere and the 
distance from the origin to the tangent plane is constant. 

(7) oh = const. 

If the Darboux line be a polhodie, h = constant, and hence o = constant. The 
line is therefore spherical, and also (Th6orie Generale, II, 381) each normal 
section tangent to the Darboux line at one of its points is superosculated at that 
point by a circle. 

For the paraboloids F '= — — | — ^L — Z — g=0, we find the distance 

h to be 

8 = 



,2 



1 _i_ ** . 4y 
^ A % ^ & 

Equation (7) then takes the form 

p<5 = constant .z. 

4. Equation (2) has a very interesting geometric signification, communi- 
cated to me for the case of the ellipsoid by Mr. Pell, and which I believe is new. 
Suppose the surface of the 2nd degree considered be of the form 
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then (2) gives 

_ [V dx V 1 , ( dy \* 1 , /<fe\»J_i 
X ~ l\ ds ) a 2 ^\dsJ b* ^\ds) c 2 J ' 

which, since ~ , -^- , -=— are the direction cosines of the tangent at (x, y, a), 

may be written 

, ov rcos 8 a , cos 2 /? . cos s y"i 

(8) *=\.-ar- + -F H + -r L }' 

If we denote by d the semidiameter whose direction cosines are cos a, cos/?, 
cos y, the coordinates of its end points are d. cos a, d . cos (3, d. cos y ; and, since 
these coordinates satisfy the equation of the surface, 

(9) #[£?!^ + «^ + £2*21 = 1. 

(8) and (9) combined give 

d = constant. 

That is, if at any point of a Darboux line of F= a tangent be drawn, and if we 
construct the semidiameter parallel to this tangent, the length of this semidiameter is 
constant along the considered Darboux line. 

5. The different Darboux lines on surfaces of the 2nd degree are obtained by 
giving different values to the constant x which enters (3). Suppose in this 
equation we make x = , then 

u du % v dv % 



U 



0, 



where U=(a* — t£)(b % — u){<? — u) and V= (a z — v)(b % — v){<? — v). But we 

have 

7 <> u — v ru du* v dv 2 ~\ 

^-i-hcr-nd 5 

hence ds* = 0. 

That is, when x = the Darboux lines are lines of length zero on the surface. 
If in (3), after extracting the square root, we put x= <x, we find 

do) ^L-^_ 



Hardy: On Darboux Lines on Surfaces. 289 

which is the equation of the right lines on the surface. This may be verified as 
follows : the equations of the right lines on a quadric are 

— = — i.cosA ± sin d>, -r- = — *.sin & ± cosd». 
a c be 

From these 

dx 2 , dif , dz~ 

~a T i ~~& r ~ , ~ T~ ' 

which, on substituting for doc, dy, dz their values in terms of du and dv, 
becomes (10). 

6. Consider now an ellipsoid with three unequal axes a > b >c, and let us 

determine for what values of x the Darboux lines will be real. The elliptic 

coordinates which enter our equations symmetrically may be distinguished by 

taking 

c* < u < b % ; b i <v<a z . 

Under these conditions -=r is negative and -=- is positive, and consequently in 
order that the differential equation 



7 lu — X j lv — X 
du y — jf- — dv y — y~ 



U 
of the Darboux lines be real, we must have 

u — x<.0, v — x>0. 

That is, the constant x must satisfy the inequalities 

(11) <?<x<a\ 

That the lines of length zero and the right lines on an ellipsoid are imaginary 
would appear from (11) if it were not otherwise obvious. 

According as the constant x has different values the following cases may 

arise : 

1. £ 2 >*>c 2 , 

2. ¥<x<a\ 

3. x 2 = a 2 , or J 2 , or c 2 . 

38 
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Now if a> be the angle made by the tangent to the considered Darboux line and 
the axis of x of a trihedron constructed as in §1, we have 

.-= du . ,-~ dv I G dv 

cos w = v Mj -j— , sin a = v Or -~r- , tan a = y 

determining -5— from (3), we find 

(12) tana^-^-V 7 ^ 



E du ' 



u — x) 



a y V(v — x) ' 

Case (1). x has a u- value x = u, which, substituted in (12), gives 

tan a = , = 0. 
That is, the Darboux line x = u is perpendicular to the line of curvature u = x . 

Case (2). When x has a v-value x = v, equation (12) gives 

tan = 00 , a = 90°. 
That is, the Darboux line x = v is perpendicular to the line of curvature v = x. 

Case (3). To fix the ideas, take x = b % . The differential equation of the 
Darboux lines becomes 

(a 2 — v){<? — v) du* = (a 8 — tt)(c 2 — u) dv*, 

which is the differential equation of the real circular sections on the ellipsoid. 
For x~ = a 2 or c 2 we get the other two systems of circular sections, imaginary of 
course. (Darboux, C. R., 1871.) 

7. In the differential equation of the Darboux lines if we consider u and v 
as the coordinates of a given point if of the curve, the equation for a given value 
of x determines the direction of the curve at M. Conversely, if the direction be 
given, the equation determines the value of the parameter x. Write 

ds*=^p p^!_^] = *=*[*!» - V (f] ■ 

then, calling q> the inclination of the Darboux line to the curve v = constant, 
we have 

(13) tan 4> = h -j^ , where 7t = y — . 
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From the equation of the Darboux lines 



<»«> -W£ 



P v v — x' 

Combining (13) and (14), we find 

v tan 2 q> _ rtan 2 <p 1 n 

Suppose that for the circular sections we write $ = A>, then since x = 0, 

v tan 2 a, 

and 

, . ?; [tan 2 ft — tan 2 a] 

^ 15 ' * tan 2 4>-A 8 " 

When ft = or 90°, x = u or v, as should be. Formula (15) enables us to cal- 
culate x for any given point and any given direction. 

8. The results of §2 can be arrived at in the following manner: If the 
coordinates x,y,z of the surface on which the Darboux lines lie be given in 
terms of two parameters u and v, equation (1) takes a very long form, but one 
which simplifies when the u and v are taken as the parameters of the lines of 
curvature on the surface. In this latter case we have 

3 [E — pZ>] du ffiii + 3 [ G — D"p] dv d 2 v 

+ {p[£-*£(S-»x)]-»£}*'* 
+ {'l£-*£(4-5)]-»£}** 



(16) 
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the symmetry of which is remarkable. If the lines v = const, satisfy (16), we 
must have 

a 1 

du E du ~ du ~ ' 

where pj is one of the principal radii of curvature at the point considered. Then 

Pi=/i(*0- 

Similarly, when the lines u — const, satisfy (16) we have 

pa = /»(**) • 

Seasoning just as in §2, we find again the result there obtained. Most of the 
results obtained by Darboux and Enneper follow immediately when the equa- 
tion of the Darboux lines is expressed in terms of u, v coordinates. 

Baltimore, March 13, 1898. 



